5.2
Polynomials - Negative Exponents

Objective: Simplify expressions with negative exponents using the
properties of exponents.

There are a few special exponent properties that deal with exponents that are not
positive. The first is considered in the following example, which is worded out 2
different ways:

Example 1.

—  Usethe quotient rule to subtract exponents

a”  Our Solution, but now we consider the problem a the second way:

a . e
e Rewrite exponents as repeated multiplication

@49 peduce out all the a’s

aaa

% =1 Our Solution, when we combine the two solutions we get:

a®=1 Ourfinal result.

This final result is an imporant property known as the zero power rule of expo-
nents

Zero Power Rule of Exponents: a® =1

Any number or expression raised to the zero power will always be 1. This is illus-
trated in the following example.

Example 2.

(322)°  Zero power rule
1 Our Solution

Another property we will consider here deals with negative exponents. Again we
will solve the following example two ways.

Example 3.

—  Using the quotient rule, subtract exponents

a Our Solution, but we will also solve this problem another way.



—  Rewrite exponents as repeated multiplication

b
aaa ,
Reduce three a’s out of top and bottom
aaaaa
1 Simplify to exponents
aa pity p
L OurSolution, putting these solutions together gives:
e ur Solution, putting these solutions together gives:
5 1 ) .
a == Our Final Solution

This example illustrates an important property of exponents. Negative exponents
yield the reciprocal of the base. Once we take the reciprical the exponent is now
positive. Also, it is important to note a negative exponent does not mean the
expression is negative, only that we need the reciprocal of the base. Following are
the rules of negative exponents

a—m_

1
m

Rules of Negative Exponets: ém =a™
a

(&)=

Negative exponents can be combined in several different ways. As a general rule if
we think of our expression as a fraction, negative exponents in the numerator
must be moved to the denominator, likewise, negative exponents in the denomi-
nator need to be moved to the numerator. When the base with exponent moves,
the exponent is now positive. This is illustrated in the following example.

Example 4.
0V Negati b, d,and e need to fl
m egative exponentson b, d, and e need to flip
3. 7,4
% Our Solution

As we simplified our fraction we took special care to move the bases that had a
negative exponent, but the expression itself did not become negative because of
those exponents. Also, it is important to remember that exponents only effect
what they are attached to. The 2 in the denominator of the above example does
not have an exponent on it, so it does not move with the d.



We now have the following nine properties of exponents. It is important that we
are very familiar with all of them.

Properties of Exponents

a™a™=a™m™t" (ab)™=a™b™ a ™= aim
a™ L a a\™ a™ 1 .
anr (3) b a—m ¢

—m p™

m\n _ mn 0:1 (2) —_

(a™™=a a b o

World View Note: Nicolas Chuquet, the French mathematician of the 15th cen-
tury wrote 12! to indicate 122!, This was the first known use of the negative
exponent.

Simplifying with negative exponents is much the same as simplifying with positive
exponents. It is the advice of the author to keep the negative exponents until the
end of the problem and then move them around to their correct location (numer-
ator or denominator). As we do this it is important to be very careful of rules for
adding, subtracting, and multiplying with negatives. This is illustrated in the fol-
lowing examples

Example 5.

4x_5y_3 . 3.T3y_2
6x_5y3

Simplify numerator with product rule, adding exponents

-2, -5

12077y > ?32_53% 5 Quotient rule to subtract exponets, be careful with negatives!
(=2)~(~5)=(~2)+5=3
(=5)=3=(=5)+(-3)=-8

203y~®  Negative exponent needs to move down to denominator

= Our Solution

Example 6.

(3ab®)~2ab~3  Innumerator, use power rule with — 2, multiplying exponents
2a 40 In denominator, b° = 1

372472 %ab 3

5,1 In numerator, use product rule to add exponents
a




372a71p7? . . .
240 Use quotient rule to subtract exponents, be careful with negatives

2a—4
(=)= (~H=(~1)+4=3
37 2a%h?
—s Move 3 and b to denominator because of negative exponents
e
23579 Evaluate 322
e
1369 Our Solution

In the previous example it is important to point out that when we simplified 372
we moved the three to the denominator and the exponent became positive. We
did not make the number negative! Negative exponents never make the bases neg-
ative, they simply mean we have to take the reciprocal of the base. One final
example with negative exponents is given here.

Example 7.

3r 2y 23 62 Oy—2273  In numerator, use product rule, adding exponents
9(x2y—2)—3 In denominator, use power rule, multiplying exponets

182 8y320 - .
956’_—63;6 Use quotient rule to subtract exponents,

be careful with negatives:
(=8)=(=6)=(~8)+6=—2
3—6=3+(—6)=—3

(2072y=32%)73  Parenthesis are done, use power rule with — 3

273269920 Move 2 with negative exponent down and 2° =1

6,9

r 22/ Evaluate 23
6,9

i 8y Our Solution

Cron
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5.2 Practice - Negative Exponents

Simplify. Your answer should contain only positive expontents.

1) 22ty=2. (2z9®)* 2) 2a72b73 - (2a%1)*
3) (a*v?)3-2a%~2 4) 223y? - (223)°
5) (222y?)tz—4 6) (m°n3-2m=3p=3)"
7) (x3yt)3- 8) 2m~In=3. (2m~In=3)4
2z~ 3y 3y°
9) 3:1:_3 3. 320 10) 3yx3 . 2xdy—3
dpy=3 x40 3933?/2

2y~ 1 2wy - 4a3y—4

13) _wv 14) m

2u9v% . 2uv

2 2];—2 2
15) W 16) —
ey (a4)4
17) ($0y2)4 18) T
19) (35 20) (%) "2
2nm? 242
21) (2m2n2)4 ) (x4yzé) 4
2mn)? 23
23) Snon—)2 24) (xhy—3)—1
v’z y? 2z~ 2y0 . 2z yt
) (z1y?)3 26) (sz)—l £
20~ 203 - (2uot) 1 2yx? -2
27) 2u~ %0 8) (2yx0y4)*1
220 yt\3 u—3v—4
29) (=) 30) Sr@a oo
y(2zy?)? p—1
31) 20440 32) ety 2a=32
2y zx? _ _
33) gt 34) 2l
2kh0 - 2h—3K0 z 3y )3 —
35) L 36) ((2 3,0 2;3)3 3y2) 9
cb3)2.2a7 32 204 . m2p2at
37) S 38) T
4,21 ompn—3
39) B 10) s
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5.2

Answers to Negative Exponents

8,,10 u?
1) 32x Y 15) o 29) 8
32b13 1
2) =3 16) 5% 30) 5505
3) 27 17) 2 31) 2454
4) 2232 ol6 a®
) 2z ?i 8 18) <2 32) 5
5) 16
) 1627y 19) 16a'2p'? 33) ———
6) 1 ves
8.4
20) L2 2
7) y16SL’5 ) 41 34) 8c10p12
32 21) man 1
8) — 13 SminT 35) a7
) 22) 221692
9) 9y 2306
! 23) 16n°m* 36) 1644
5
10) i 2z
21: 24) E 37) a21bzlc47
11) 2.3 1
€z 25 _ m14 8
)xhy 38) 4p4q
26) 4y*
) 39) 5
27) o
mn7
28) 4y° 40) =3
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